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Let fe C"*[—1,1] and let H[ f }(x) be the nth degree weighted least squares
polynomial approximation to f with respect to the orthonormal polynomials {g;}
associated with a“distribution de on [—1,1]. It is shown that if ||g,ll/llg,ll =

max(q, . 1(1)/ga1), —ans1(=1)/g.(=1)), then |f=HLSI<If VN Ignesll/

llg+ ", where ||-|| denotes the supremum norm. Furthermore, it is shown that in

the case of Jacobi polynomials with distribution (1 —)* (1 +#)#dt, a, B> —1, the
condition on |g,.l//llg.| is satisfied when either max(a, )= —1/2 or —1<a=
f< —1/2.  © 1988 Academic Press, Inc.

1. INTRODUCTION
Let {g,} be the orthonormal polynomials associated with the dis-

tribution da on the interval [ —1,1]. Let fe C"*'[ -1, 1]. The weighted
least squares approximation to f is given by

HAIW= % 0 [ 10 ) doto (11)

Brass [1] has shown that if the distribution do has the symmetry
property that for all continuous functions g

[ sas=] a0

and if [q.]=qg.(1), £=0,1,..,n+1, then a bound for the error,
S(x)—H[ f](x), in this approximation is given by

g+ 1l

If=HLf N <S—or IF e+, (1.2)
gl
where || -|| denotes the supremum norm on [ -1, 17].
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With regard to the distribution (1—1¢)* (1+¢)#dt, o, > —1, and the
associated normalised Jacobi polynomials, the conditions required by Brass
are satisfied only if x=f> —1/2.

Previously Paget [2] has given bounds of the form (1.2) in the Jacobi
polynomial case for « f such that either max(e, )= —1/2 or
—l<a=f< —1/2.

It is the purpose of this present paper to show that the method of Brass
['1] may be extended to include all those cases considered in Paget {27.

2. THE THEOREM OF BRaSs EXTENDED

With the s-norm for functionals Q on C*[ —1, 1] defined by

1Qll,= sup QLS (2.1)
19 <t
and for xe [ —1, 1] the functional R, defined on C"+*'[—1,1] by
R.Lf1=/(x)—HLSf1x), (2.2)

Brass [17] has shown that

On - - _ _ \
“Rx“n+1<m max(“qn+lcn+qncn+lunﬂ an—e—icn_qncn—klﬂnia
(2.3}
where §, >0 is the coefficient of x* in g.(x), §, = |¢,]l, and the functional
C, is defined on C"[ -1, 17 by

Culel=[ () qu(n) dnto) 24)

Now

(G Cot 0, Con Mg = [ 8O 10,00 201 (1) d(D), 25)

so that we need to consider polynomials of the form g, ,(#) — ¢q,(¢) where
¢ is a constant.

THEOREM 2.1 (Szegd [3, p.46]). Let ¢ be an arbitrary real constans,
then the polynomial

9n+ l(t) - an(t)
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has n+ 1 distinct real zeros. If ¢ >0 (c <0) these zeros lie in (—1, 1) with
the exception of the greatest (least) zero which lies in [ —1, 1] if and only if

¢<q,+1(D/g.(1)  (c24¢,,1(—1)/g,(—1))

Using this result the theorem of Brass may be extended in the following
way.

THEOREM 2.2. If q,, q,.  are such that

Gns1/Gn>max(g, (1)/g,(1),  —quri(=1)/g,(=1)),  (26)
then for feC"*'[—1,1]
If = HLA NSO gn ol /gl 2.7)
Proof. Consider the polynomial
Pus ()= Gn 1 194(1) = G +1(2). (2.8)

By Theorem 2.1 p, ., has n+ 1 distinct zeros, » of which lie in (—1, 1). If

Gn+1/9n=qn+1(1)/g,(1) then 1 is a zero of p7y . M G4 1/G,> G 1(1)/g,4(1)
then the greatest zero of p,, , is greater than 1. Thus we may write

n+1
p;+l(t)= —qn§n+1 H (t_r’k)9 (29)
k=1
where
—l<y<p< - <y,<1<n,, . (2.10)

A similar argument using Theorem 2.1 with ¢ <0 yields

PO =Bn @)+ s () =Gnbnes [ (=00 (211)

k=0
where

(o — 1<l ;<< <, <L (2.12)

Again, following Brass, let L, ,[g] denote the (n—1)th degree inter-
polation polynomial coinciding with g at u,, #,, .., #,,. Then

@01 Co=0uCoi )1 = 80P (1) (1)
=" (@=L, (L1 py (1) dtr)

(n)
f £ (é( g7C) ﬂ (1 =1k} P 1(2) dalt),
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where ¢&(1)e(—1,1). From (29) and {2.10) we see that
T1¢_, (t—n4)-p, . (1) does not change sign on [ —1, 1]. On applying the
mean value theorem and using the orthogonality of {g,} we deduce that

n} —
_ - g7 (&) g,
(qn+1Cn_ann+1)[g]: 7l 5:13
for some {e{—1,1). Thus
||qn+1C qn n+IH i’;gl (213)

n

Similarly, by constructing the interpolation polynomial to coincide with
gat{,,(y, . (, (see (2.11), (2.12)) it may be shown that

Ilqn+lcn+q_ncn+1un:q’;gl- {214)

=

Then from (2.3), (2.13), and (2.14) we have that

q, n
IR M1 \(Tiﬁ}é: |lqn+1”/“qr(1++11)“'

The result (2.7) then follows directly from Definitions (2.1) and (2.2). §

We note that in this theorem the distribution symmetry condition of
Brass’ theorem is not required and also that the maximum value of |g.{x)|
in [—1,1] may be attained at an interior point provided that (2.6) is
satisfied.

3. APPLICATION TO JACOBI POLYNOMIALS

We show that Condition (2.6) of Theorem 2.2 is satisfied by the nor-
malised Jacobi polynomials provided that either max(a, f)> —1/2 or
—1<a=f< —1/2. This result shows that Theorem 2.2 is a significant
extension of the theorem of Brass [1] which, for the Jacobi polynomials,
only covers the case a=f> —1/2.

The distribution being considered is (1 —¢)* (1 + #)? dt with «, > —1,
and the associated orthonormal polynmials are

qi(t) = b P PEAA(1), (3.1)
where
hk:j1 (PP (L—1)* (1 +1)P dr. (3.2)

640/54/3-6



318 DAVID PAGET

For all o, f > —1 we have that

qn+1(1)_< h, )”21’3"1’?(1)_( h, )1/2n+1+fx
h

au1)  \bpyi) PEP(1) n+1

n+1

and

e VEPEA(=1) _( hy \"n+1+p
a.(—1) h PeR(—1) \h n+l

n+1 n+1

Therefore

Goii(D)  @urr(—=1N_ [ h, \2n+1+max(a §)
ma"<qn(1)’"qn<—1>)‘(h ) il

Case 1. max(a, )= —1/2. From Szego [3, p. 168] we have that

qn+1___ hn 1/2n+1+max(a,ﬁ)
d. n+1 )

(3.3)

n+1

(3.4)

hn+1

Thus from (3.3) and (3.4) we see Condition (2.6) is satisfied.

Case 2. —l<a=pf< —1/2. This case is more complicated because we
have no precise expression for g, when k& is odd.
For k even we have the expression (see [3, p. 171])

R V20(k+ o+ 1)
/2 T((h/2) + o+ 1)

Ge=h; 2 | PE9(0) = keven. (3.5)

For k odd we note that P{** is an odd function and P{**(0)=0. We use

a particular case of Sonin’s theorem ([3, p. 166]) and an adaptation of it.
Let g be defined by

) 1—x? d s 2
)= (P 4 e s (L P 60

Using the differential equation for P{** we have

22a+1) (d

2
k12D 1)x — P,(("““)(x)) . (3.7)

g'(x)= o

Since 20+ 1<0 we see that g is non-decreasing in (—1,0) and non-
increasing in (0, 1). It follows that | P{®*)(x}| achieves its maximum value at
+x¥, the two stationary points of P{** closest to zero. Since g(x}*) < g(0),

[P (x2)] < (ke + 22+ 1))~ [P (0)]. (38)
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Let 2 be defined by
h(x)= (1 —x*)**1 g(x). (3.9}
Then using (3.6) and (3.7) we have that
B (x)= =220+ 1) x(1 — X7 (PZ2(x))~ (3.10}

We see that # is non-increasing in (—1, 0) and non-decreasing in (0, 1).
Thus A(x¥)> h(0) and

P )| > (k( + 2o+ 1)) 12 (1= x22) 12 | P (0)]. (3.41)

From (3.8) and (3.11) we have, for k odd,

| P (0)]
(k(k + 20+ 1))?

(k+2a+ )2 Mk+a+1)

| P (x )| = Dy

=D 3.1

FE22K((k — D20 T((k/2) + o+ (3/2)) (3.12)
where

(1—xFy) =t <p, <1, (3.13)
From (3.5) and (3.12) it follows that

/( h, )1/2n+«x+1< n+1 )”2 .
~ D, if » is even,
Tuvi_ R, n+1 \n+2a+2 (3.14)
gn < h, 1/2n+oc+1( n )‘/2 1 £ s odd '
Fost n+l \n+20+1; D, ’

with bounds for D,, D, ., given by (3.13).
Recalling that 20+ 1 <0, we see from (3.3}, (3.13), and (3.14) that for
odd

qn+1>< hn )1/2n+a+1=max(qn+l(1) _qn+1(_1))
qn h n+1 qn(l) ' Qn(—l) /’

n+1

so that the Condition (2.6) is satisfied.
For n even we need to look closer at D, ;. Since

d 1
E PL“—’:I)(X):E (n+2a+2) P}loc+1,a+1)(x)
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the n stationary points of P{*?) are precisely the n zeros of P{*+1.*+1) Thus
we may take x}¥,; to be the smallest positive zero of P**+%** 1 From

[3, p. 139] we have
(n+a+(12)n . T (4

x¥o< = ’
SO Yt (32) 2nt 2443 20422+ 3
Thus
2
1— *2 __—7t_____
> ey

Now, for 0 <a, b<1 it may be shown that

(1—a)b>1—1”b

Therefore, since 0 < —(2a+1)< 1,

2 —(2 1
Di+1>(1_x:‘;+l) et D)

7'[2 —(2a+1)
(1o
(2n+ 20+ 3)

u+1)n?
(2n 4 20+ 3)? — w?
n+20+42

n+1

>1+4+

, provided n > 4.

The proviso for this last inequality is algebraically obtained as

n>  max ((1/8)(n2 — 12 — 8) + (1/8)(n> + 8 — 160)/2) > 3.019.
—l<a< —1/2

For n=2 the maximum value of P{® can be evaluated

(P& (2 + 5)~12) = (1/6)(ox + 2)(a + 3)(2a + 5) ~/?) so that from (3.12)
5 8(oc+2)>2a+4

732+ 5) 37

the inequality being valid for —1<a< —1/2.
Thus for all even integers #» we have

n+ 20+ 2\
D"“><T+I_> ’

so that from (3.14) and (3.3) it follows that Condition (2.6) is satisfied.
This completes case 2.
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